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Abstract. An explicit derivation of the elements of the representation ring of SU(2)
needed to implement the four-dimensional Kirby calculus is sketched.
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The aim of this short note is to explicitly derive, in an elementary way, the elements
Ω, ω of the representation ring of the group SU(2) needed to implement the four-
dimensional Kirby calculus (handle slides) of Ce´sar de Sa´ [1], used in the construction
of the surgical invariant of ref. [2].
Sliding an upper curve over a lower one is schematically depicted as⋃
Ω⊙
ω
←→ ⊙
ω⋃
Ω
, (1)
where
Ω = δmWm, ω =
N⊕
n=0
∆nWn, (2)
with Wn an irreducible module of SU(2), dimWn = n + 1 (we use the terminology of
ref. [3]).
Applying the formula for a connected sum, as well as the satellite formula [3], we
obtain, for each m, the fundamental relation [4] (see also [5])
dimq(Wm)∆n =
∑
k
Cnkm∆k, n : dimqWn 6= 0, (3)
where Cnkm are the classical Clebsch-Gordan coefficients, and the quantum dimension
dimqWm = (−)
m q
m+1
2 − q−
m+1
2
q
1
2 − q−
1
2
. (4)
The deformation parameter
q = e
2pii
r , (5)
where r is the level, a positive integer.
Thus, we have the following cases:
m = 1 (r ≥ 2)
Explicitly, eq. (3) is of the form
−
(
q
1
2 + q−
1
2
)
∆n = ∆n+1 +∆n−1, n 6= −1 mod r, (6)
2
with the initial conditions
∆
−1 = 0, ∆0 = a0, (7)
a0 an arbitrary complex number. The only non-trivial solution is given by
∆n =
{
a0dimqWn, if 0 ≤ n ≤ r − 2;
0, otherwise.
(8)
m = 2 (r ≥ 3)
Now, eq. (3) takes the form
(
q + q−1
)
∆n = ∆n+2 +∆n−2, n 6= −1 mod r, (9)
and decouples for even and odd n. Assuming the initial conditions
∆
−2 = ∆−1 = 0, ∆0 = a+, ∆1 = a−dimqW1, (10)
where a+, a− are arbitrary complex numbers, we obtain
∆n =
{
a+dimqWn, for r odd, if n even and 0 ≤ n ≤ r − 3;
a
−
dimqWn, for r even, if n odd and 1 ≤ n ≤ r − 3;
0, otherwise.
(11)
n≥3
There are no non-trivial, i. e. non-zero with a finite N , solutions of eq. (3).
Taking into account that any Wn can be built of W1, and any Wn with n even can
be built of W2, we obtain for r odd the desired moves
⋃
ω0⊙
ω0
←→ ⊙
ω0⋃
ω0
,
⋃
ω+⊙
ω0
←→ ⊙
ω0⋃
ω+
,
⋃
ω+⊙
ω+
←→ ⊙
ω+⋃
ω+
, (12a)
but ⋃
ω0⊙
ω+
/←→⊙
ω+⋃
ω0
, (12b)
3
where
ω0 =
r−2⊕
n=0
a0dimq(Wn)Wn, ω+ =
r−3⊕
n=0
n even
a+dimq(Wn)Wn. (13)
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